In this letter, we investigate the effect of orbital angular momentum (OAM) on elastic photonphoton scattering in vacuum for the first time. We define exact solutions to the vacuum electromagnetic wave equation which carry OAM. Using those, the expected coupling between three initial waves is derived in the framework of an effective field theory based on the Euler-Heisenberg Lagrangian and shows that OAM adds a signature to the generated photons thereby greatly improving the signal-to-noise ratio. This forms the basis for a proposed high-power laser experiment utilizing quantum optics techniques to filter the generated photons based on their OAM state.
Photon-photon scattering in vacuum is an effect that has attracted considerable interest over the past few years [1, 2] . In classical electromagnetism, the linearity of Maxwell's equations indicates that scattering between photons cannot happen. Nevertheless, results from quantum electrodynamics (QED) have shown that the vacuum is, in fact, non-linear. Which means that the aforementioned scattering is actually possible, albeit very difficult, to observe photon-photon scattering [3] . Many different proposals have been made to detect such processes using microwave cavities [1] , plasma channels [4] and highpower lasers in vacuum [5] . The main obstacle to these schemes has been the relatively weak predicted signal compared to the noise inherent to any experiment. As such, scattering between real photons has yet to be observed in vacuum.
In this letter, we investigate the effect of orbital angular momentum (OAM) coupling in elastic photon-photon scattering and we show, for the first time, that OAM contributes an additional unique signature that will help filter the background noise and is thus predicted to make the detection of these weak signals easier. OAM is a relatively recently understood degree of freedom of light that is distinct from the more widely understood spin angular momentum (SAM) which is related to light's polarization [6] . It appears in electromagnetic modes which have an azimuthal phase dependence, E(r) ∝ e ilφ , where l is the OAM state of the mode. Interest in researching these modes has grown ever since they were shown to carry a quantized net angular momentum separate from their spin [7] . Since it is unbounded and can have any integer value, OAM has many potential applications in different fields including: enhanced imaging techniques, light manipulation and high density coding of information for communication [6, 8, 9] , and -possibly most ambitiously -contributing to the design of a universal quantum computer based on a single photon [10] . Consequentially, over the course of the previous two decades, the techniques required to efficiently generate OAM states, and detect and filter photons according to their OAM state (right down to the single-photon level) have been honed to a great level of precision [11, 12] . For this reason, we are interested in investigating its impact on photon-photon scattering.
This letter will be organized as follows: first exact solutions to the electromagnetic wave equation which carry OAM will be discussed. These modes will then be used to investigate the effect of OAM on photon-photon interaction within the framework of an effective field theory [13] . A proposed experimental configuration will then be presented that is expected to validate the accompanying theoretical work. Finally a summary of the findings will be presented.
The simplest solution to the linear electromagnetic wave equation is the plane wave decomposition, where a plane wave is described by:
where k is the wavevector, ω is the angular frequency andn is the polarization unit vector of the plane wave which necessarily satisfies the transversality condition (k·n = 0) arising from Maxwell's equations. If we then consider an infinite superposition of plane waves whose wave vectors lie on the surface of a cone with half-angle α:
where l ∈ Z is introduced as the azimuthal mode number. E l is obviously then an exact solution to the electromagnetic wave equation as it is a linear superposition of exact solutions. [14] , where J l (x) is the l-th order Bessel function of the first kind. Thus, the electric field in Eq.(3) can be rewritten in cylindrical coordinates (z, ρ, φ) as:
Where κ = k cos(α) and β = k sin(α). The corresponding magnetic field can then be calculated from Eq.(5) using Maxwell's equations (∇ × E l = −∂B l /∂t). This solution can be seen as an OAM-carrying extension to the electromagnetic Bessel modes. One of the interesting properties of Bessel modes is that they propagate without diffraction as can be seen by noting that the radial profile of the field is independent of the longitudinal position along the direction of propagation. True Bessel beams are unphysical as they carry infinite energy. However, Bessel-like modes, which retain some of the aforementioned interesting properties over a known coherence length, have been generated using axicon lenses [15] . When considering the case of l = 0, the field has an azimuthal phase dependence, and therefore as shown in [7] , it carries nonzero OAM. This can be confirmed by calculating the time-averaged angular momentum density of the field L = (1/2)r × (E * × B).
If L is integrated over a finite circular transverse profile of the field, only the z-component of the angular momentum density contributes as the polar unit vectors integrate to 0. This results in a total angular momentum L ∝ lẑ.
It should be noted that this method of defining light modes that carry OAM differs from the standard approach of considering Laguerre-Gaussian (LG) modes [7] . This method offers two advantages, the first being that the field defined in Eq. (5) is, by construction, divergencefree and hence an exact solution of Maxwell's equations. Secondly, it offers a simple representation of OAM beams as a superposition of plane waves which proves highly advantageous when calculating the nonlinear interaction terms compared to the LG modes which contain a complicated envelope that makes the calculation intractable.
Classically, photon-photon scattering seems physically impossible since Maxwell's equations are linear [16] and the associated field Lagrangian density is quadratic in the electromagnetic fields. However, the full quantum electrodynamics treatment of the vacuum field predicts the existence of vacuum polarization and the possibility of photon-photon scattering mediated by generated virtual electron-positron pairs [3] . The exact treatment of this problem is quite challenging, however, the interaction can be approximated by the Euler-Heisenberg Lagrangian which accounts for this vacuum polarization up to one 'loop' in the corresponding Feynman diagram. It can be written in Gaussian units, in the limit for fields oscillating slower than the Compton frequency, as [13] :
Where ξ = e 4 45π 2 m 4 c 7 . Use of the Euler-Lagrange equations leads to a wave equation for the electric and magnetic fields. It can be clearly seen that even in the vacuum there is a source term on the RHS.
Where
, and M and P are the effective vacuum magnetization and polarization respectively, described by:
These equations indicate that the source term in Eq.(8) has a non-linear cubic dependence on the electromagnetic fields. Therefore, If we start with three plane waves (k i , ω i ) i∈{1,2,3} , it is clear that the three modes will mix generating a fourth wave (k 4 , ω 4 ) that satisfies the following energy and momentum matching conditions:
There are, of course, many other interaction terms that involve different combinations of the three initial waves. However, in the rest of this letter, only terms that correspond to the matching conditions in Eq.(11) will be considered. This is because it is the most convenient coupling to measure experimentally and allows for a degree flexibility in the geometrical setup of the interaction. Let the three initial plane waves be
is a plane wave that lies on the surface of a cone with half-angle α similar to the aforementioned case. As the field amplitudes are taken to be constant, only the oscillatory component need be taken into account when calculating the various derivatives necessary to derive the source term for the vacuum electromagnetic wave equation. Further, if α is considered to be very small, which is a reasonable assumption with Bessel beams as they are generally generated with axicon lenses which have a very shallow angle. Eq.(8) for the generated fourth wave E 4 can then be written as:
wherev(φ k ) = cos(α) cos(φ k )x + cos(α) sin(φ k )ŷ + sin(α)ẑ and k 4 = −k 3 . Since only scattering at (k 4 ,ω 0 ) which fulfills Eq. (11) is being considered; all other interactions terms can safely neglected as they contain oscillatory components that are non-resonant and would integrate to zero.
Consider now the case where E 3 is not a plane wave, but an l-th order OAM mode whose average wavevector is directed along the positive z-axis. Directly calculating the vacuum source term for the generated wave woul be quite laborious. However, as seen above, the OAM beam can be decomposed into an appropriate superposition of plane waves. It is only then necessary to perform an integration on Eq. (12), similar to the one presented above in Eq. (2), and find that the source term, in this case, can be rewritten as Bessel functions with an overall azimuthal phase dependence.
where β = k 0 cos(α), κ = k 0 sin(α) and J is a vector containing the transverse radial dependence of the source.
Eq. (13) can be solved using the standard Green's function method, and the generated field, far from the source, can be written as:
where:
and r ∈ R + is the spherical radial distance from the origin of the source volume and V is a finite interaction volume. The direction of propagation of this generated wave can 2 to show the direction of propagation of the generated wave. θ is the polar angle defined, as it usually is in the spherical coordinate system, from the z-axis.
be seen in the angular dependence of Λ l (θ) in Fig.(1) . From it we can conclude that the generated wave propagates along the same axis but in the opposite direction as the initial OAM mode E 3 , which is intuitive as E 1 and E 2 are anti-parallel, and linear momentum is conserved. It can also be clearly seen in Eq. (15) that the generated field has the opposite azimuthal phase dependence of E 3 . This means that the OAM of the generated photons will be opposite in sign, which is to be expected as a consequence of conservation of angular momentum since the two other intial waves E 1 and E 2 were plane waves. We can then use Eq.(15) to calculate the generated intensity I 4 = (1/2)c 0 |E 4 | 2 which can be integrated over the surface of the interaction volume to calculate the number of generated photons for specific initial laser parameters.
The above calculations have shown that for a specific set of three-beam geometries, if one of the lasers is carrying some OAM (l) then the photons generated due to photon-photon scattering will carry the opposite value l 4 = −l. We propose to use this additional signature to design a novel high-power laser experiment to verify this hitherto undetected phenomenon. In order to make the generated photons even easier to distinguish, the geometry will be modified slightly from the one considered in the previously. Consider instead three initial waves, where (k 1 = −2(ω 0 /c)(1/2ẑ + √ 3/2x),n 1 =ŷ) and (k 2 = −2(ω 0 /c)(1/2ẑ− √ 3/2x),n 2 =ŷ) are plane waves, and E 3 is an OAM beam with l 3 = 1 and ω 3 = ω 0 that is propagating along the positive z-axis. These kinds of modes can be generated in the laboratory using so-called spiral phase plates (SPP) [17] . According to Eq.(11), we should then expect to detect photons generated at ω 4 = ω 1 + ω 2 − ω 3 = 3ω 0 with l 4 = −1 propagating along the negative z direction similar to the one considered previously. These photons are then distinct, from any of the initial radiation in the interaction, in frequency, direc- tion of travel and OAM state. The expected number of generated photons can be calculated from Eq.(15) using: (18) Where τ is the duration of the interaction. In the case of a high-power laser of 10 PW at a wavelength of 800 nm, where the laser pulse duration is τ = 30 fs, the beam must be split into three, where two of the component parts are frequency doubled. Considering a second harmonic conversion efficiency of 30% and a spot size of 5 µm, Eq. (18) predicts that the number of photons generated per shot is expected to be on the order of 100. It should be noted that since unphysical light modes were used for this derivation, it can only provide an initial estimate of the number of generated photons. This is, however, not a major concern as any additional realistic envelope (such as a Gaussian envelope) will vary slowly compared to the oscillations of the field and as such will have negligible contributions to the expected number of generated photons. Fig.(3) shows the scaling of the expected number of photons with respect to the intensity of the initial laser, while keeping all other parameters the same as the above example.
Although the number of photons may seem small, especially compared to the other 3 high-power beams, its multiple different signatures will allow for efficient filtering of any other background radiation. There have been many successful experiments, in quantum optics and computation, where even single photons have been filtered by their OAM state and detected using highly efficient single-photon detectors [12, 18] . These detectors can be gated to only be sensitive to photons that are generated during the interaction time in order to further reduce the noise. In addition to the OAM fil- tering, frequency filtering with ultra narrow-band bandpass filters would block any photons whose frequency is sufficiently off-resonant different from what is expected from the three-beam interaction. Additionally, performing this experiment on a high-power and high-repetition rate laser facility, such as the ELI facility [19] , would allow for gathering the statistics essential for verification of the scattering event.
It may be a concern to some that it is practically impossible to achieve a perfect vacuum even in a laboratory setting. This means that even within a vacuum chamber, there are still some particles that can interact with the lasers and generate some noise. The main interaction contributing to this concern is Compton scattering. However, as shown in [5] , the number of photons that would possibly be generated in the appropriate frequency band is much smaller than the signal we expect. Also, as proven in [20] , the OAM state of these Comptonscattered photons would either be 0 or the opposite of the state of interest. Thus, using an OAM filtering technique [21] , the noise can be reduced by 25 dB compared to the case without the OAM signature.
In this letter, we have investigated the effect of orbital angular momentum on elastic photon-photon scattering. Using effective field theory, we have derived an expression for the expected generated field. We have shown that the OAM coupling will provide an additional useful signature for the interaction and will allow for the use of quantum optics techniques to discern them from any background radiation. We have also proposed an experimental setup that would allow for the detection of this effect using high-power lasers. The experimental verification of the polarization of the vacuum will open a new era in strong field, low energy quantum electrodynamics for fundamental physics investigations.
